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Q} • Abstract. Hirzebruch surfaces F^ provide an excellent example to underline 

^^ ' the fact that in general symplectic manifolds, Gromov-Witten invariants might 

well count curves in the boundary components of the moduli spaces. We use 
thi s exam ple to explain in detail that the counting ar gumen t given by Batyrev 
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O 
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^ 



in Bat93] for toric manifolds does not work (also see [Sie95 , Proposition 4.6]) 



< 

When Gromov-Witten invariants were first defined by Ruan and Tian [RT95I 



Introduction 



for (weakly) monotone symplectic manifolds (M,u), they counted certain smooth 
pseudo-holomorphic (rational) curves in M. 

However, later it became clear that to extend the definition to general symplectic 
manifolds one had to take into account some contributions from nodal curves to 
obtain a symplectic invariant — this is now known as the virtual fundamental class 



> 

^ ! construction (sec [|LT98| , |F099| , |Sie96| ). 

Although it is easy to see that one somehow has to deal with these singular curves 
to apply the general theory, it does not seem to be very clear what the singular 
curves actually contribute to the different Gromov-Witten invariants. 

Moreover, Gromov-Witten invariants also enter as structure constants into the 



definition of the quantum cohomology ring. In [Bat93|, Batyrev gave an ad hoc 
definition of this ring for toric manifolds: the structure constants of Batyrev's ring 
count the same curves as Gromov-Witten invariants, but do not take into account 
the contributions of nodal curves. 



In J5pi99 |, we have shown that for the threefold Pcp2(0(3)©0) Batyrev's ring has 



to be different from the (usual) quantum cohomology ring. However, this example 
j^ ■ is not very explicit and involves some complicated computations of Gromov-Witten 

invariants. A much easier example to explore in this context is those of Hirzebruch 
surfaces which also belong to the class of toric manifolds. Cox and Katz have 



pointed this out in [|CK99j Example 11.2.5.2] in the case of F 2 = P C pi(C(2) © O) 
— here we will explain in detail how to obtain the Gromov-Witten invariants and 
the quantum cohomology ring of all Hirzebruch surfaces Fk = Per 1 (0(k) © O) and 
compare them to Batyrev's intersection product and quantum ring, respectively. 
In particular, we will point out precisely the contributions from nodal curves. 

The main idea that makes the example so easy to study is that all pair Hirzebruch 
surfaces i^fc are in the same symplectic deformation class, as are all odd surfaces 
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i*2fc+i- Hence their Gromov-Witten invariants and quantum cohomology rings all 
equal those of F Q = CP 1 x CP 1 (respectively F, S CP 2 , CP 2 blown up at one point) 
up to isomorphism. 

However, as complex manifolds, all Hirzebruch surfaces are equipped with an 
integrable complex structure, and those are all different. Therefore the holomorphic 
curves and their moduli spaces vary as well. 

The article is structured as follows: We will first briefly review Hirzebruch sur- 
faces and their constructions as toric manifolds. Here we will use Batyrev's notation, 
and we will also state the definition of his quantum ring in this context. We will 
then compute the Gromov-Witten invariants and the quantum cohomology ring of 
the Hirzebruch surfaces, and compare them to the Batyrev construction. Since the 
even and the odd are very similar we will restrict our attention to the former. 
Notati on conventions. — For toric manifolds we will follow Batyrevs notation in 
|Bat93 unless stated otherwise. However, we will denote Batyrevs quantum ring by 



Bat and the usual quantum cohomology ring QH* . Multiplication in Bat* will be 
denoted by "o", while we use "*" for the multiplication in QH*; the multiplication 
in the usual (co)homology will be denote by "•" (or omitted). 

1. Description of Hirzebruch surfaces as toric manifolds 

Hirzebruch surfaces F k are complex two-dimensional projective manifolds that 
arc CP 1 -bundles over CP 1 : 

F k :=F CP i{0{k)®0). 

They also admit an effective action of a two-dimensional algebraic torus that is 
contained in Fk as open dense subset, i. e. they are toric manifolds. Their defining 
fan Efe in N = Z 2 with basis ei, e 2 has the following set of one-dimensional cones: 

Ufc.i = ei v k ,3 = e-2 

Vk,2 = -ex + ke 2 v k ,4 = -e 2 - 

The set of primitive collections is equal to 5JJ(Sjfc) = {{«&, i,v. 2 }, {vk,s,Vk,4,}}, and 
the set i?(£fc) C Z 4 of linear relations between the vectors v k ,i is generated by the 
vectors 

A M = (1,1,-fc.O) 

A M = (0,0,1,1) 

that correspond under the isomorphism R(E k ) = H 2 {Fk,I) to the generators of the 
effective cone, that is the cone of classes that can be represented by holomorphic 
curves in F k . The cohomology H*{F kl lj) is generated by the invariant divisorsg 
Zk,i, Zk,2, Z k ,3 and Zk t 4 subject to relations described by the combinatorics of the 
fan: 



H*(F k ,Z) = C[Z l ,...Z 4 ]/(Z 1 -Z 2 ,kZ 2 + Z 3 -Z A ,Z 1 Z 2 ,Z 3 Z 4 ) 
= C[Z 1 ,Z 4 ]/(Z 2 1 ,Zi-kZ 1 Z 4 ). 

The basis {Z M ,Z M } of H 2 (F k ,Z) is dual to (A fe ,i, \ ka ) of H 2 (F k ,Z), hence the 
classes Z kt i and Z k ,A generate the Kahler cone of F k . The Hirzebruch surfaces F 2k 



1 We will omit the k in the subscript, if no confusion can arise. 
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are all diffeomorphic to Fq — CP 1 x CP 1 with induced isomorphism ip 2k on the level 
of cohomology and degree-2 homology given by: 

(1.1) ip* 2k :H 2 (F ,Z) -Z+ H 2 (F 2k ,Z) 

Zq,i ' — ► Z 2k i 

Zo,4 ' — ► Z 2 kA — kZ 2 k,i 

(1.2) (<P2k)* : H 2 (F 2k ,Z) -^ H 2 (F Q ,Z) 

A2fc,i ' — ► Ao,i + feAo,2 

A2fe,2 ' ► Ao,2 

There are similar diffeomorphisms between F 2k +i and F\ = CP 2 . In the following, 
we will only deal with the case of even Hirzebruch surfaces F 2k — the odd case 
i*2fc+i, however, is very similar. 

2. BATYREV'S INTERSECTION PRODUCT IN THE SPACE OF RATIONAL MAPS TO 

F 2k 



In [Bat93, Section 9], Batyrev considers the moduli space X\ of holomorphic 
mappings / : CP 1 — ► Ps to a toric manifold Ps defined by a fan S such that 
/♦[CP 1 ] = A G -R(S) — H 2 (Pe,Z). A Riemann-Roch type argument gives the 
following expected (or virtual) dimension 2 ] of this moduli space: 

dim vir l x = 2 • (dim c P E + (ci(P s ), A)). 

We should also remark here that the space I\ has the same expected dimension as 
the corresponding moduli space of stable maps ■Mq 3 (P^). Also note that X\ can 
be considered the subspace of smooth curves in A^g 3 (Ps) by fixing three marked 
points z\, Z2, Z3 on CP 1 . 

There is an universal evaluation map ev,\ defined on 2\ x CP 1 given by 

ev A : l x x CP 1 — » P s 

(f,z) ,— » f(z). 

Let 0i,... ,z m+ \ £ CP 1 be (m + 1) pairwise different points, and define evx,i '■— 
cv|j AX r^.i to be the restriction of ev to such a point in the second factor. 

Let ai,... ,a m G PP(Ps,Z) be some cohomology classes of the toric man- 
ifold Ps , and A\, . . . , A m c Ps some cycles Poincare dual to the classes aij : 
[Aj] = P.D.(aj). Then Batyrev's quantum intersection product in Batyrevs ring 
Bat* (Ps , Z) is defined by the requirement that 

(2.1) (01 o • • • o a m , B)= Y, ev \Mi) ■ ■ ■ ct a,L(^™) ' eu A,Ui( S ) 1 X > 

AGfl(S) 

for all B G P*(Ps,Z), and linearity. Here the sum is over all A G -R(S) such that 
the intersection product in the sum is supposed to be of virtual dimension zero, 
i. e. such that 

m n 

(2.2) ^dega J -degP = 2-^A l , 



2 Note that in general, the actual dimension of the moduli space is bigger than the expected 
dimension; or that the moduli space might be empty although it has positive expected dimension. 
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where n is the number of one-dimensional cones in S. 



Theorem 2.1 (| Bat95 , Theorem 9.3]). Batyrevs ring Bat*(Ps,Z) is generated by 
Z\ , . . . , Z n subject to two types of relations: 

1. TTie same linear relations as in QH*(Ps,'Z); 

2. For all classes A = (A 1 , . . . , A") s P(S) wzi/i a?Z A 1 > non-negative, Z^ x o 
■ • • o Z° — q is a relation. 

Let us now restrict to the case of Hirzebruch surfaces, i. e. £ = £& and P^ = i^: 

Corollary 2.2. In ifte even case, Batyrev's ring for the Hirzebruch surfaces is 
given by the following presentation: 

Bat*(F2fc,Z) = Z[Z2kA,Z2k,4,q2k,l,Q2k,2]/ I 7 o2 _ 7 o2fc _ _ „2k 

/ ^2/5,1 ° ^2k, 4 *2fc,1^2fc,2 

\ ^2fe,4 o (^2fc,4 - 2kZ 2k<1 ) - <7 2 

3. The quantum cohomology ring of Hirzebruch surfaces, and their 
comparison to batyrev's ring 

As mentioned earlier, we will restrict to the even Hirzebruch surfaces F 2 k- Re- 
member that they are all in the same symplectic deformation class as Fq = CP 1 x 
CP 1 . The Gromov-Witten invariants of CP 1 are well known (see for example 

mi ): 







Fact 3.1. The invariants 



with (3 = PP/.[pt] G H*(Mo t . m ) are equal to 1 if and only if s = 2r + 1, and zero 
otherwise. Here n : .Mq^^CP 1 ) — ► M.Q, m is the natural projection map, forgetting 
the map to CP 1 and stabilizing. 

Since the Gromov-Witten invariants of a product manifold are the product of 
Gromov-Witten invariants of the two factors, that is 



(3-1) $£+ B,X> °V[pt];ai®7i.--- ,a m <8>% 



0,771 



= *0,m (7r*b*]; a l)--- > a ™) •*0,m( 7r *M;7l,--- ,7m), 

we hence know all Gromov-Witten invariants of Fo — CP 1 x CP 1 . In particular its 
quantum cohomology ring is equal to: 

(3.2) QH*(F a ,Z) = Z[Z ,i, Z ,2, qo,i, qo,2]/ (Z^-l - ©,1,^0,2 _ 90,2} 

where we have written qo.i = Q Xo,i for short handR. 

Remark 3.2. Note that for F = CP 1 x CP 1 (as well as for FA, the Gromov-Witten 



invariants are equal to Batyrev's intersection products (c.f. [Bat93, Definition 9.2]). 
This is due to the fact that Fo and F\ are Fano — in this case, the space of nodal 
curves is too small to contribute to the Gromov-Witten invariants. 



3 Note that it is important to keep track of the mapping H2(X, Z) > QH*(X, Z). Otherwise 

the statements become void since as abstract rings, all rings under consideration, whether quantum 
cohomology or Batyrev's, coincide: they are all free rings generated by H (Fk,Z) 
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In the following we will omit the class (3 € H*(A4o t m) in the Gromov-Witten 
invariants, always assuming that (3 — P.D.[pt]. 

Corollary 3.3. The quantum cohomology ring of the Hirzebruch surface F^k is 
given by 

(3.3) QH*(F2k,Z) = Z[Z2k,l, Z2k,4,Q2k,l, Q2k,2]/ I 7 *2 _ -k 

Zj 2k,\ I2k,\l2k,2 

(Z2k,4 — kZ 2 k,l)* — Q2k,2 



Proof. We just have to apply the isomorphisms (1.1) and (1.2): 

Z 2k,l ~ ?2fc,1^2fc,2 ^ ^2k (^0,1 ~~ 9o,l9o,29o,2) = 

and similarly 

(Z 2 fc, 4 ~ kZ 2 ks)* 2 - Q2k.2 = ¥>2k ((^0,4 + kZ 0t i - kZ 0t i)* 2 - q 0t2 ) = 0. 



□ 



It is now easy to see that the above presentation for the quantum cohomology ring 
and the presentation for Batyrev's ring given in Corollary 2.2 define two different 
rings. 

In the remaining part of the article we will now compute the relations in Batyrev's 
ring, but using quantum multiplication, to illustrate for which homology classes 
nodal curves contribute to the Gromov-Witten invariants. The products we want 
to compute are: 

Z2k,3*Z 2 k,4 and Z 2kl l * Z 2k,2 * ^2k,i' 

Hence we have to determine the following invariants: 

®0'3+2k( Z 2kA,Z2k,2,Z2k,4, ■ ■ ■ ,Z 2 k,4,j), $0,3 '* ( Z 2k,3, Z 2 k,4, "f) ■ 

2k— times 

Note that for any class A G R(T^2k), (ci(i<2fc)> A) = mod 2 is even. Thus we only 
have consider j = 1 or 7 = Z 2 k,iZ2k,4 = P.D.(\pt]). 

Lemma 3.4. The Gromov-Witten invariants & ' 3 2k (Z 2 k,3, Z 2 k,4,j) ore given by: 

$o'J 2k (^3, Zi, 1) = for all A E R(E); 

1 i/A = A 2 fc. 2 ; 

*£f 2fc (Z 3 , Zi, Z1Z4) = { -P if\ = A 2M + k\ 2k ,2; 

otherwise. 

Proof. For the first line, remember that <1> '3 (A, B,l) = A ■ B if A = 0, and zero 
otherwise. But here we also have that Z2k,3 ■ ^2fe,4 = 0. For the second line, using 
the properties of the isomorphisms ^p* 2k and (if2k)* we obtain that 

^0,3 \^2k,3, ^2k,4, ^2k,1^2kA) — 

= $0,3 ' {Zo,4 — kZo : i, Zq : 4 + kZo : i, Zo^iZq^) 

= $Sf Cpl (1,1, H). s£ 3 - fcr)H ' CpI (H, H, H) 

= S ,r ' $1,8 - k 2 S ltr ■ 6 S: k- 
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For the last line we have used the properties of the Gromov-Witten invariants of 
CP 1 (Fact pi). □ 

Corollary 3.5. For the Hirzebruch surface F^k, the quantum product Z2k,3 * Zik,A 

equals 

Z2k,3 * Z 2 kA = ?2fc,2 ~ k l2k,l<l2k,2i 

while Batyrev's product yields 

Z2k,3 ° Z 2 k.A = Q2k,2- 

Remark 3.6. It is easy to sec, that holomorphic curves in the class A := \2k,2 + 
k\2k,i cannot be smooth. In fact, A = (1,1, —k, k), hence any smooth curve of that 
class would have to lie in the divisor Z2k,3- However Z2k,3 is Poincare dual to \2k,i, 
so any class lying in the divisor Z2k,3 has homology class a multiple of A2fc,i, which 
is a contradiction. Hence the contribution ~k 2 q 2k -^q^k 2 comes from nodal curves. 

Lemma 3.7. The invariants of the form $„ '3+2* (^2fc,i j ^2fc,2) ^2fc,4, ■ ■ ■ , ^2fc,4, 1) 

2fc-timcs 

are zero except for the following 

(h r\2k,l + ((k-l)(r+l) + l)\2k,2,F 2 k { r? 7 7 7 -, \ _ I 2ft \.2r— 1 

^0,3+2fc \^2k,l, ^2k,2, ^2k,4, ■ ■ ■ , ^2kA, i-) — I o r _ 1 l K 

2/c-times 

where r — 1, . . . , k. 



Proof. Let us write A = rA2fc,i + s\2k.2- By applying Fact 3J. and Equation ( p.l 
we obtain 

rf.r\2k,l+s\2k,2,F2k / ry 7 7 r? -i \ 

Vg 3+2fc \^2k,\i ^2k.2, ^2kA, ■ ■ ■ , ^2kA, i-) — 

v v ' 

2k 

= ^0 3+2fe (Zo,l,Zo,l,Zo t 4, + kZo^, . , . ,Zo f 4 + kZo t i, 1) 

2k 

i=0 



E 7 ^<S(£_^^^)^3-^ CP (^_;^£__£) 



i+2 2fc+l~j 3+i 2k-i 



2k \ \2r-lfc( s - kr ) H 



2r _ j j ^-^^T'^ (L^^fJW?) < 2r - 1 < 2k 

2r+2 2k-2r+l 

otherwise 

2k _ J fc 2 '^ 1 < 2r - 1 < 2k, s = (k - l)(r + 1) + 1 
otherwise 

which proves the lemma. D 

Lemma 3.8. The invariants $ '3+2fc(^2fe l, ^2fc 2, ^2fc 4, ■ ■ • , ^2& 4, -P-D.[pt]) are aH 

'■ v ^ 

2k— times 

zero except for the following 

rf.r\ 2 k,l+((k-l)(r+l)+2)\2k,2,F2k i r, 7 7 7 7 7 \ 

^0 3+2/c \4>2k,li ^2k,2, ^2k,4, ■ ■ ■ , ^2fe,4, ^2fc,1^2fe,4j 

v * ' 

2 k— times 
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which equal ( „ „ ) k 2r 2 . Here r = 1, . . . ,k + 1. 



Proof. Similar to the proof of Lemma 3.7. □ 



Corollary 3.9. For the Hirzebruch surface F 2 k, the quantum product Z 2 k,i*Z 2 k. 2 * 

^2k 4 e< i ua ^ s 

k 



7 , •/ , 7 *2fc V^ / 2 ^ \ , 2r- 1 r (fc-l)(r+l)+l y y 

Zj 2k,\ *^2fc,2 * Z 2fe,4 - 2-^{ 2r-l ) l2k,ll2k,2 ^2k,1^2k,4 



k + l / 

E[ 2fe ^ ;,2r-2„r „(fc-l)(r+l)+2 

I 2r-2 



* %k,1^2k,2 



while Batyrev's product yields 

%2k,l ° ^2fc,2 ° "^2fc,4 = °-2k,lQ.2k,2- 



Remark 3.10. Note that as for the product ^2fe,3*^2fc,4 in Corollary 3.5, Batyrev's 
intersection product is included in the terms entering the quantum product based 
on Gromov-Witten invariants. This is of course remarkable since it shows — at 
least for the Hirzebruch surfaces and for non-negative classes A — that the bound- 
ary components of Mq m (F 2 k) do not influence the corresponding Gromov-Witten 
invariant 

< £ , 'a i2 +---+A" + i('^ 2 M' ■ ■ ■ >%2k,l,--- ,Z 2 k,n,--- ,Z 2 k,n,l)- 
A 1 A" 

However, the boundary components of the moduli spaces enter nonetheless through 
the invariants 

^0,A 1 +---+A" + l('^ 2 M' ' ' ■ !^2fc,l> ■ ■ ■ ,Z 2 k,n, ■ ■ ■ ,Z2k,n,l) 7^ 
A 1 A" 

where A ^ A'. 
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